The quantum Hall effect in the three-dimensional anisotropic tight-binding electrons is investigated in the field-induced spin density wave phases with a magnetic field tilted to any direction. The Hall conductivity, σ xy and σ xz , are shown to be quantized as a function of the wave vector of FISDW, while σ yz stays zero, where x is the most conducting direction and y and z are perpendicular to x. 73.40. Hm, 75.30.Fv 
I. INTRODUCTION
magnetic field is tilted 15 . In three-dimensional lattice there exist three fluxes, φ a , φ b and φ c per unit area in each plane, while only one flux per unit cell is present in two-dimension.
Indeed, many cusps of the magnetoresistance have been observed as a function of a direction of the magnetic field 16, 17 . FISDW in three-dimension in the tilted magnetic field or in nonorthogonal lattice has been studied [18] [19] [20] . The Hall conductivity σ xy and σ xz are predicted to be quantized. These values are argued to be fractionally quantized 18, 21 . These authors, however, studied the case that the magnetic field is perpendicular to one of the axis, say a, when two fluxes φ b , and φ c exist instead of three in the general direction of the field.
On the other hand the general formula for the quantum Hall effect in the periodic system in three-dimension was given by Halperin 22 and Kohmoto et al. 23 . They have shown that the conductivity tensor is quantized when the Fermi energy is in the energy gap.
In this paper we study the Hall conductivity in the anisotropic three-dimensional lattice with the magnetic field tilted to any direction. In section II the conductivity tensor is calculated for the non-interacting electrons in the orthorhombic lattice. The quantized value is given in the perturbation in t b /t a and t c /t a . The quantum Hall effect in the presence of FISDW is given in section III. The generalization to the triclinic lattice is done in section IV.
II. NON-INTERACTING CASE
In this section we study the anisotropic tight-binding electrons on the orthorhombic lattice in the magnetic field,
where A is a vector potential. In this section and section III the a, b and c axes are assumed to be orthogonal each other and parallel to the x, y and z direction, respectively.
The uniform magnetic field, B, is applied in any direction,
3)
The fluxes through the unit area perpendicular to the a, b and c axes are given by
where a, b, and c are the lattice constants.
First we consider a rational flux case, i.e., the flux through a unit area in each plane is a is the least common multiple of q x , q y and q z , which we define Q. The volume of the magnetic Brillouin zone is 1/Q of the Brillouin zone in the absence of a magnetic field. For a fixed momentum k in the magnetic Brillouin zone there exist Q eigenvalues and Q eigenstates.
By varying the momentum we get Q bands. In two dimension these bands do not overlap.
Although the bands may overlap in three dimension, it has been shown that the energy gaps due to a magnetic field exist in the wide range of parameters 26, 28 . We can use the extended zone by unfolding the magnetic Brillouin zone to the Brillouin zone in the absence of a field.
Then the energy is obtained uniquely for each momentum.
The quantum Hall effect is expected in the three-dimensional case when some of the energy bands are completely filled and the other bands are empty 22, 18, 21, 23 . The conductivity tensor for a filled band is given as 30, 22, 23 
where the factor of 2 comes from the spin degrees of freedom, α and β are x, y, or z, |Ψ > is the wave function for the filled band and the integral is performed in the magnetic Brillouin zone. Kohmoto, Halperin and Wu 23 have shown that if the Fermi energy lies in the energy gap, the conductivity tensor is described as 6) with the vector in the reciprocal lattice,
where
and l a ′ , l b ′ and l c ′ are integers. These integers are the first Chern numbers on the tori obtained by slicing the three-torus of the magnetic Brillouin zone. Since we can take any fundamental reciprocal vectors, G is written as If the Fermi energy lies between the rth and r + 1th band from the bottom of the energy, the conductivity tensor is given as the summation of the contributions from filled n bands.
The contributions from the filled bands cancel each other except that from the upper energy gap of the rth band 31 .
In order to calculate the Hall conductivity explicitly, we take the vector potential A as
In the above we have assumed B z = 0 without loss of generality, since we may exchange y and z in the case of B z = 0. With this vector potential the non-interacting Hamiltonian is written
where h.c. means Hermitian conjugate,
and
We define the state as
with vacuum |0 >. The Hamiltonian mixes ψ σ (k) with ψ σ (k ± u) and ψ σ (k ± u ′ ). If φ x = 0, k y and k z are constants of motion. If φ x = 0, k z is not a constant of motion but k y and
The Fermi surface is given by k x = ±k F in the zeroth order perturbation in t b /t a and t c /t a . When the condition
is satisfied with integers m y , m z and s, the degenerate states at k x = k F and k x = −k F are mixed resulting the energy gap at the Fermi energy in the |m z |th perturbation in (t b /t a ) and the |m y |th perturbation in (t c /t a ). The magnitude of the energy gap is of the order of Since the flux is assumed to be rational, u and u ′ are written as the integer multiple of the vector u 0 as
where integers P y and P z are defined by
The Harper equations are obtained by using the one dimensional basis states 
The wave function for the rth band gets the phase of Γ 0 (k) at k x ≈ k F 31 , i.e. the phase of the wave function cannot be defined globally in the magnetic Brillouin zone. On the other hand the phase of the wave function can be defined globally in the torus of k y and k z for fixed k x , which is the slice of three-torus by the plane perpendicular to a fixed k x . Therefore, the second term in Eq. (2. The conductivity per plane is quantized asσ xy = 2(e 2 /h)m z andσ zx = 2(e 2 /h)m y .
Unfortunately, the energy gap will be very small if |m y | + |m z | ≫ 1, which is the case for |φ y |, |φ z | ≪ φ 0 .
For the quantum Hall effect, it is not necessary that all of φ x /φ 0 , φ y /φ 0 and φ z /φ 0 are integers. The only required condition is Eq. (2.14) .
III. 3D QUANTUM HALL EFFECT IN THE PRESENCE OF FISDW
In this section we take account of the interaction
This interaction is written as
The order parameter of the spin density is defined in the mean field approximation as
The interaction term mixes the states ψ ↑ (k) and ψ ↓ (k + K). As a result an energy gap at the Fermi surface is opened by the order parameter when K x = ±2k F . The y and z components of the wave vector should be determined to give the lowest energy, which can be calculated numerically with further approximation such as the linearization with respect to k x 4,5,7 . Since we focus on the quantization of the Hall conductivity, we do not have to calculate the values of K y and K z explicitly. The Hall conductivity is zero in this case.
There are other possibilities for opening gaps in the presence of the magnetic field. The order parameter may have many components with respect to the wave vectors as in the two-dimensional case [32] [33] [34] . In three-dimensional case the order parameter has the form
with the x component of the wave vector K ny,nz given by
where n y and n z are integers. The vectors u and u ′ are given in Eqs. (2.11) and (2.12). By this wave vector the state at k x = −k F is mixed with that at k x = k F + n y u ′ x + n z u x . The state at k x = k F + n y u ′ x + n z u x is mixed with the state at k x = k F by |n y |th perturbation in t b exp(ibk y )/t a and |n z |th perturbation in t c exp(ick z )/t a . As a result two states at the Fermi energy at k x = ±k F are mixed by a combined effect of SDW and the magnetic field.
(See Fig. 1 .) The gap function is given by If only one component of the order parameter is dominant, i.e.,
the k-dependent phase change is exp[i(−n z0 bk y + n y0 ck z )] and the Hall conductivity is obtained by Eqs. (2.20) as 
If the order parameter consists of many components with respect to the wave vectors K ny,nz , the Hall conductivity σ xy (σ xz ) is obtained as a winding number of the gap function Γ(k) as k y (k z ) is moved from −π/b to π/b (from −π/c to π/c). Note that φ x appears as the relative phase between the components of the order parameter, so the Hall conductivity may depend on φ x implicitly.
If the magnetic field is changed in magnitude or direction by a small amount, the wave vectors and the order parameter will change in order to keep the Fermi energy in the same energy gap. As a result the plateaux of the Hall conductivity is realized without the effect of a localization. When the energy gap is closed and opens again at the Fermi energy as the magnetic field is changed, the Hall conductivity changes. The sign change of the Hall conductivity may happen as the direction or the magnitude of the magnetic field is changed.
The condition for the rational flux is not necessary to get the Quantum Hall effect. The wave vector of the order parameter is adjusted to satisfy Eq. (3.5) for any direction and amplitude of the magnetic field. If φ y /φ z is irrational, n y and n z are determined uniquely for a given wave vector (K ny,nz ) x . On the other hand n y and n z are not uniquely determined if φ y /φ z is rational.
IV. TRICLINIC LATTICE
In this section we consider the triclinic lattice with a, b and c not being orthogonal each other. The fundamental reciprocal vectors,
are not orthogonal, where
We take a x. Hopping matrix elements t a , t b and t c (|t a | ≫ |t b |, |t c |) are assumed between the nearest sites along a, b and c axes. The vector potential is taken as Eq. (2.9) by using the orthogonal x, y and z axes.
The non-interacting Hamiltonian is
Note that w w ′ .
The Fermi surface in the zeroth order in t b /t a and t c /t a is the plains given by a·k = ±ak F .
The order parameter is defined by Eq. (3.3) with the factor v/(2π) 3 instead of abc/(2π) 3 .
As in the previous section, the energy gap opens at the Fermi momentum by the effects of the order parameter and the perturbation in t b /t a and t c /t a , if the order parameter has the form 6) where n b and n c are integers and the wave vector K n b ,nc satisfies the condition
In the above φ b and φ c are the fluxes through a unit area in a-c and a-b planes, respectively,
The phase of the wave function is not defined globally as in the previous sections. In the perturbation in t b /t a and t c /t a , the mismatch of the locally defined phase for the wave function of the highest occupied band is attributed to the phase of the gap at the Fermi momentum. The wave function changes the phase as the momentum is moved at the Fermi momentum as in the previous section. We consider the case that one component is dominant in Eq. (4.6). Then the k-dependent part of the phase change is
The conductivity tensor is calculated by
10a)
Because of the non-orthogonality of a, b and c, the slice of the magnetic Brillouin zone by the plane perpendicular to k y or k z is not the torus. As a result, σ xy and σ zx are not quantized to be integer but they are quantized as
In the above we have used the facts that a x and the area of the Brillouin zone in 
